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This paper focuses on transient characteristics of natural gas flow in the coordinated scheduling of

security-constrained electricity and natural gas infrastructures. The paper takes into account the

slow transient process in the natural gas transmission systems. Considering their transient

characteristics, natural gas transmission systems are modeled as a set of partial differential

equations (PDEs) and algebraic equations. An implicit finite difference method is applied to

approximate PDEs by difference equations. The coordinated scheduling of electricity and natural

gas systems is described as a bi-level programming formulation from the independent system

operator’s viewpoint. The objective of the upper-level problem is to minimize the operating cost of

electric power systems while the natural gas scheduling optimization problem is nested within the

lower-level problem. Numerical examples are presented to verify the effectiveness of the proposed

solution and to compare the solutions for steady-state and transient models of natural gas

transmission systems. VC 2011 American Institute of Physics. [doi:10.1063/1.3600761]

The electricity and natural gas infrastructures are highly

intertwined1–6 today as more and more gas-fired units

have been introduced into power systems and installed,

along with an increasing number of high-pressure natu-

ral gas pipelines. The security and economics of coupled

infrastructures are interdependent.1–3 Using purely topo-

logical metrics to analyze their interdependency can lead

to misleading results.4 Cascaded failures of energy sys-

tems may be due to a variety of reasons. One of the most

important causes is inaccurate scheduling and decision

making so that the system cannot handle variations of

loads and severe disturbances. The security-constrained,

coordinated scheduling of two coupled energy systems is

critical to mitigating the hidden security risks of energy

systems, to preventing cascaded failures, and to realizing

savings in their operating costs. However, natural gas

and electric power flows usually travel through networks

via different speeds and illustrate distinct physical char-

acteristics. Hence, we model the electric power and natu-

ral gas systems differently but in a coupled manner. The

numerical results show that the steady-state natural gas

flow model would neglect the built-in storage capabilities

of pipelines and the slower travelling speeds of natural

gas flows, which may result in impractical or suboptimal

schedules in the short-term coordinated scheduling of

electricity and natural gas infrastructures.

I. INTRODUCTION

The adequacy and availability of natural gas fuel will

directly affect the generation unit commitment (UC), dis-

patch, operating costs, as well as reliability of electric

power systems.5,6 The electric power system is special in

the sense that real-time balance between generation and

load is required under both normal and fault condition.

When contingencies occur, the operators can call gas-fired

units that can respond quickly to address the imbalances

in comparison with slow-start coal-fired and nuclear units.

If the imbalances between generation and load are not

eliminated immediately, the frequency of the power sys-

tem will increase or decrease, which may lead to the loss

of stability of the system through electromechanical and

electromagnetic transients. More importantly, voltage col-

lapses and loss of synchronization of more generators will

increase the likelihood of a blackout. Therefore, adequacy

of natural gas fuel is very critical to ensure the power sys-

tem reliability and to prevent the cascaded failure of

power systems.

However, in most cases, gas-fired generating units hold

interruptible transportation contracts that would treat the

units as preferential curtailment candidates. The natural gas

drawn by gas-fired generating units with interruptible trans-

portation contracts would be limited or curtailed once the

congestion in natural gas transmission systems has occurred

or gas wells have reached their maximum discharge. More-

over, the operation of new gas turbine units or combined-

cycle gas turbine units would usually depend on high gas

pressure. Hence, electric generators are more susceptible to

pressure drops than are other natural gas loads.7 Even if the

priority of natural gas delivery for gas-fired generating units

was the same as that of other natural gas loads, the weaker
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ability of gas-fired generating units to manage pressure drops

would make the natural gas curtailment more evident.

Many networks, such as energy, biology, and social rela-

tionship, are multi-layer interdependent networks. The loss

of a part of links and nodes in one network may lead to a

forced outage in another network.2 The failure of compo-

nents in the second network in turn may lead to a malfunc-

tion of additional nodes in the first network. Eventually, the

interdependent networks may lose their functions com-

pletely. Similarly, any disruption in natural gas supply could

have a significant impact on several gas-fired power plants

and results in more critical outages than traditional contin-

gencies in power systems. Outages of several gas-fired gen-

erators can result in the loss of operating reserves, real-time

imbalances between load and generation, and an adverse

effect on the system frequency. If necessary, operators would

have to adopt load shedding to prevent any collapse in elec-

tric power system operations. References 5 and 10 offer

examples of preliminary results on the impact of pipeline

contingencies on power systems. Moreover, compressors,

control devices, and other facilities in natural gas transmis-

sion systems are dependent on electricity. Load shedding or

interruption of electricity may in turn lead to the failure of a

fraction of natural gas system.

In order to satisfy the requirements of gas-fired generat-

ing units and other natural gas loads within a reasonable

pressure range,7,8 the natural gas transmission system would

have to schedule gas wells and compressors in advance and

manage line-pack resources. “Line pack” is related to the

amount of additional natural gas stored in a pipeline as a

result of maintaining above-normal pressure in the pipe-

line.7,9 As such, line pack is analogous to reserves in power

systems and is essential in enabling pipelines to handle large

swings in natural gas loads, such as the fast ramp up of gas-

fired generating units during peak hours and power system

contingencies.

In the last ten years, several articles proposed state-of-

the-art strategies to model the two interdependent infrastruc-

tures.10–14 However, many of the previous studies focused

on the steady-state formulation of electric power and natural

gas transmission systems. Such formulations neglected a sig-

nificant distinction to be made in the traveling speeds of nat-

ural gas and electric power flows, as well as the line-pack

capacities of interstate pipelines.

This paper concentrates on the development of a meth-

odology for the coordinated scheduling of interdependent

power and natural gas transmission systems that are based on

a transient-state model of natural gas flows. The paper

focuses on slow transient processes—that is, in terms of

hours or minutes—caused by natural gas load swings. In the

proposed formulation, interstate natural gas pipelines are

described by a set of partial differential equations (PDEs)

instead of by steady-state Weymouth equations. The implicit

finite difference method is adopted to approximate PDEs

with algebraic difference equations. As a result, natural gas

flows are coupled in space and time. The paper presents a bi-

level model shown in Fig. 1 for coordination between natural

gas operators and the independent system operator (ISO).

Constraints on natural gas supply contracts are directly

included in the UC problem. When an optimal UC schedule

is obtained without violating power transmission constraints,

the hourly natural gas demands of gas-fired generating units

will be submitted to natural gas system operators, in the

lower-level problem, for checking the feasibility of natural

gas transmission constraints. If any violations are detected in

natural gas transmission constraints, corresponding energy

constraints (Benders-like cuts) are formed and fed back to

the ISO for the next iteration of the coordination problem.

The cut, which represents shortages in the natural gas supply

or congestion in the gas transmission system, would limit the

fuel consumed by gas-fired generating units. If the natural

gas transmission check is feasible, the natural gas consumed

by gas-fired generating units, as well as the security-con-

strained unit commitment (SCUC) solution, are final. The

natural gas transmission operator will schedule compressors

by minimizing rates of energy consumption.

The rest of the paper is organized as follows. Section II

proposes the transient-state model of natural gas transmis-

sion systems. Section III presents formulations of the coordi-

nated scheduling model. Algorithms for solving the

proposed model are discussed in Sec. IV. Numerical studies

are given in Sec. V. The conclusion is drawn in Sec. VI.

II. TRANSIENT FLOWS IN NATURAL GAS SYSTEMS

The dynamics of energy infrastructures could vary from

milliseconds to hours, which indicates that energy transpor-

tation could occur in different frameworks. Electric energy

travels almost instantaneously and cannot be stored econom-

ically in large quantities in current power systems. At the

operation planning stage, once power injections and with-

drawals at various buses are given, transmission line flows

will satisfy steady-state algebraic equations that are inde-

pendent on an hourly basis. Therefore, SCUC and security-

constrained economic dispatch (SCED) commonly ignore

FIG. 1. Coordination scheme for electric power and natural gas

infrastructures.
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transients in the electricity infrastructure and focus on

steady-state analyses.15–17

The natural gas pipeline flow would represent a much

slower process. Such pipelines take longer to respond to dis-

turbances. In particular, high-pressure interstate pipelines

have much slower dynamics, and large sums of natural gas

stored in the pipelines cannot be neglected. In this case, the

steady-state assumption and the corresponding algebraic

Weymouth equation for pipelines might be inappropriate

for the numerical calculation of natural gas flows. If trea-

ted rigorously, natural gas flow simulations would require

distributed parameters and the transient state model of pipe-

lines.18–23

A. Modeling of natural gas pipelines

Natural gas flows, driven by pressure through pipelines,

are dependent on factors such as the length and the diameter

of pipelines, operating temperature, composition of natural

gas, altitude change over the transmission path, roughness of

pipelines, and boundary conditions. The transient state of

natural gas flow through a pipeline is described as a one-

dimensional dynamics along the axis of the natural gas pipe-

line, which requires the use of distributed parameters and

time-varying state variables. A set of PDEs is obtained by

applying the laws of conservation of mass and energy, the

laws of momentum. The PDEs for time and position, which

are dependent natural gas density, mass flow, flow velocity,

and pressure, are given in Eqs. (1)–(4)

@ðq � vÞ
@z

¼ � @q
@t
; (1)

@ðpþ q � v2Þ
@z

þ 2fc � q � v2

d
þ @ðq � vÞ

@t
þ q � ge � sin a ¼ 0;

(2)

@½q � ðeþ 1
2

v2Þ�
@t

þ
@½q � v � ðhþ 1

2
v2Þ�

@z
� q � X

þ q � ge � v � sin a ¼ 0; (3)

p ¼ q � Z � Rg � T; (4)

where t represents time in the scheduling period; q represents

natural gas density; p here denotes natural gas pressure; v
denotes natural gas axial velocity; h denotes specific en-

thalpy; z represents the length scale of the pipeline; e denotes

a specific internal energy of the gas pipeline; X represents

the rate of heat transfer per unit time and unit mass of the

gas; Z represents a compressibility factor; and T represents

the temperature of gas in pipeline. Rg is a gas constant; ge is

gravitational acceleration; a is the elevation angle of the gas

pipeline; fc is the friction factor of gas pipeline; L is the total

length of pipeline; and d is the diameter of the pipeline.

The law of conservation states that mass can neither be

created nor destroyed. Equation (1) indicates that the net

mass rate of flow out of a differential volume of fluid is equal

to the rate of decrease of mass within the differential volume.

Equation (2) resulted from Newton’s second law (law of mo-

mentum), which indicates that the sum of forces acting on

the gas particles is equal to the rate of increase of momentum

of natural gas particles at an instant in time. In Eq. (2),

the terms 2fc � q � v2=d, q � ge � sin a, @ðq � vÞ=@t, and

@ðq � v2Þ=@z define the hydraulic friction force, force of

gravity, natural gas inertia, and dynamic pressure of flowing

gas, respectively. In high-pressure gas pipelines, dynamics

would take longer (hours). Accordingly, the convective

acceleration terms, @ðq � vÞ=@t, @ðq � v2Þ=@z, and q � g � sin a,

contribute less than 1% to the solution of Eq. (2) under nor-

mal operating conditions.20,22 Hence, such terms are

neglected here for simplification.18,19

Equation (3) is derived from the law of conservation of

energy. In order to solve Eqs. (1)–(4), it is required to know

the value of X. In practice, X 6¼ 0, as there is no thermal

equilibrium between a natural gas pipeline and its surround-

ings. Hence, we would need additional equations to model

the heat conduction process. However, the assumption of iso-

thermal flow is valid in the case of slow transients caused by

fluctuations in demand and natural gas injections.18–23

Accordingly, the pipeline would have sufficient time to reach

its thermal equilibrium. The surrounding environment would

dissipate natural gas temperature changes caused by the

compression and expansion of natural gas. The natural gas

temperature T is assumed to be the same as that of its sur-

roundings. So, Eq. (3) would become redundant if we are not

concerned about the value of X.

p ¼ q � Zavg � Rg � Tavg: (5)

In Eq. (4), the natural gas pressure is a function of the natural

gas density, compressibility factor, and natural gas tempera-

ture. We use Eq. (5) instead of Eq. (4) under an isothermal

process20,22 in which the average temperature of gas pipeline

Tavg at time t and the average compressor factor of gas pipe-

line Zavg are assumed to be constant.

After ignoring Eq. (3) and making reasonable approxi-

mations described above, we substitute the natural gas mass

flow Gf ¼ q � v � S, transient parameters of natural gas pipe-

lines K1 ¼ ZavgRgTavg;t

S ; K2 ¼ 4fcZavgRgTavg;t

dS2 ; and Eq. (5) into

Eqs. (1) and (2), which result in Eqs. (6) and (7).18,19 S repre-

sents the area of the cross section of the gas pipeline. The

following two equations are used hereafter:

@ðpztÞ
@t
þ K1

@ðGfztÞ
@z

¼ 0; (6)

@ðp2
ztÞ

@z
þ K2 � Gf 2

zt ¼ 0: (7)

If we use Gf to represent gas mass flow, then, the steady-state

Weymouth equation, Gf 2
t ¼ C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp2

z¼0;t � p2
z¼L;tj

q
; is obtained

by integrating Eq. (7) over the length of pipeline, where C is a

constant that is equal to
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1=K2L

p
.

B. Modeling of compressors

A pressure loss occurs when the natural gas flow

encounters pipeline resistance. Compressors are installed at

intervals along the natural gas pipeline to compensate for the

025102-3 Coordinated Scheduling Chaos 21, 025102 (2011)

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://cha.aip.org/cha/copyright.jsp



pressure loss. The power of centrifugal compressor cm (the

index of the compressor) is governed by the following:

CHcmt ¼ Gfcmt � ðk2cm � PR
k3cm

cmt �k1cmÞ; (8)

where CHcmt represents power of compressor at time t. k1cm,

k2cm, and k3cm are empirical parameters of compres-

sors.11,18,19,24,25 Gfcmt represents the natural gas mass flow

through the compressor cm, where

CHmin;cm � CHcmt � CHmax;cm: (9)

The pressure ratio PR in Eq. (8) is within a feasible range

given in Eq. (10), which is based on compressor characteris-

tics. pout and pin represent pressures at the outlet and inlet of

the compressor,

PRmin;cm � PRcmt ¼
pout;cmt

pin;cmt
¼� PRmax;cm: (10)

Compressors can be driven by either natural gas or electric-

ity. Natural gas compressors would consume additional natu-

ral gas that is withdrawn from either the inlet or outlet of the

compressor to drive turbines. The amount of consumed natu-

ral gas is proportional to the power of the compressor

Fcf ;cmðCHcmtÞ.

C. Nodal natural gas flow balance

Natural gas nodes are defined as junctions of pipelines

and compressors where gas wells inject natural gas into the

gas network and natural gas loads withdraw natural gas from

the network. The natural gas pressure associated with each

node is within a range stated by Eq. (11). The output of gas

well GP and the natural gas load shedding GSL are restricted

by Eqs. (12)–(13), where na represents an index of a node in

the gas network, gi represents an index of the gas well, and

gl represents an index of the gas load. GL denotes gas

demand.

pmin;na � pnat � pmax;na; (11)

GPgi;min � GPgit � GPgi;max; (12)

0 � GSLglt � GSLmax;gl � GLgl: (13)

The nodal gas flow balance is modeled by Eq. (14), which

indicates that the natural gas flow injected into a node na is

equal to the natural gas withdrawn from the node na. gnaðÞ
represents a gas flow mismatch of the node na.

gnaðp;CH;GP;GSL;GLÞ ¼ �
X

nb2na

Gfna!nb;na þ
X
gi2na

GPgi

�
X
gl2na

GLgl � GSLgl

�
X

cm2na

Fcf ;cmðCHcmÞ ¼ 0; (14)

where nb 2 na means there is a pipeline or compressor

between na and nb. gi 2 na and gl 2 na mean there is a gas

well or gas load connected to na. Gfna!nb;na is the gas mass

flow injected to na through the branch between na and nb.

The boundary conditions for PDE (6) and (7) are stated

as follows: at t¼ 0, initial values are given by various meas-

ures in the natural gas transmission system. At the beginning

and the terminal ends of a pipeline, gas flows satisfy the

nodal gas flow balance. If the pipeline flow from na to nb is

positive, boundary conditions for the pipeline PDE are stated

as in Eqs. (15) and (16),

pt;z¼0 ¼ pnat; pt;z¼L ¼ pnbt; (15)

Gft;z¼0 ¼ �Gfna!nb;na;Gft;z¼L ¼ Gfna!nb;nb: (16)

III. FORMULATION OF COORDINATED SCHEDULING
PROBLEM

A. Scheduling model for electric power system

Traditionally, electric power and natural gas transmis-

sion systems are scheduled independently without any coor-

dination. In electric power systems, the ISO executes the

hourly SCUC to minimize the system operating costs in Eq.

(17), while satisfying the prevailing UC constraints and

power transmission network constraints in Eqs. (18)–(23). I
is the binary indicator for generator ON=OFF status; SU and

SD represent the startup and shutdown cost of generators; r
represents fuel price; Fef ;iðÞ represents the fuel consumption

of generators; and P is generation dispatch.

Min
X

t

X
i

½ri � Fef ;iðPitÞ � Iit þ SUit þ SDit� (17)

s.t.

Power and load balance constraint (18)

System operating reserve requirements (19)

Individual generator limits ðmax =min capacity;

ramp rate limits; and min on=off time16;17;26Þ (20)

Emission limits ðCO2; SO2; and NOxÞ (21)

Network constraints ðalternating current ½AC�
or lossless linear power flow equations10;14Þ ð22Þ

Fuel constraints ðlimits for usage of oil; coal;

natural gas; and so onÞ ð23Þ

B. Scheduling model for natural gas system

The natural gas supply and transportation sectors were

unbundled in the 1980s; a variety of contracts (as shown in

Table I) appeared as the market evolved. Transportation

services with different priority orders are described:27

• No-Notice: The customer can use natural gas, whether

nominated or not, on a daily basis up to its firm entitlement

without incurring any balancing or scheduling penalties.
• Firm: The customer should experience no interruptions

(except for force majeure) but is responsible for paying

penalties for using more natural gas then its nominated

amount. This service can “bump” interruptible customers.
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• Interruptible: The customer can be interrupted with little

notice and can be bumped by the need to deliver higher-

priority services. In most cases, gas-fired power plants sign

interruptible contracts.

The natural gas transmission scheduling problem is to

minimize the operating cost of compressors (24) while satis-

fying the constraints of transient transmission of natural gas

and respecting natural gas transportation contracts and pres-

sure requirements at receiving points. qgas;cm represents the

gas price for compressors,

Min
X

t

X
cm

qgas;cm � Fcf ;cmðCHcmtÞ: (24)

s.t. Transient-state natural gas transmission constraints

(6)–(16)

The natural gas system is coupled with the electric

power system by gas-fired generating units. The natural gas

consumption rates of gas-fired generating units, Fef ;it, are

equal to gas loads GLgl;t in the natural gas scheduling

problem.

GLgl;t ¼ Fef ;it: (25)

C. Bi-level model for the coordinated scheduling
problem

We propose a bi-level programming formulation in Eqs.

(26)–(30) for the system coordination. The upper-level prob-

lem is to optimize the operating cost ECðxÞ of the electric

power system, and x and y in Eqs. (26)–(30) represent state

and decision variables in the power system and natural gas

optimizations, respectively. xc is a subvector of x for repre-

senting natural gas consumption levels by power plants.

Equations (27), (28), and (30) denote constraints on unit

commitment, the power transmission network, and transient

natural gas transmission, respectively. The lower-level prob-

lem in Eqs. (29)–(30) represents the natural gas scheduling

optimization problem, which is embedded as a constraint

into the upper-level optimization problem. GCðyÞ denotes

the operating cost of compressors. Technically, we can

model the problem as a bi-level programming problem in

reverse of which the upper level minimizes the natural gas

operating cost. Because we model the scheduling problem

from the ISO’s viewpoint in this paper, we keep the electric

power scheduling problem as the upper problem.

Min
x

ECðxÞ (26)

s:t: EUðxÞ � 0 (27)

ENðxÞ � 0 (28)

Min
y

GCðyÞ (29)

s:t: GNðxc; yÞ � 0: (30)

By ignoring Eq. (29), the bi-level programming problem will

be transferred into Eq. (31). Here, LB provides a lower bound

for the primal problem in Eqs. (26)–(30).

LB ¼ ECðx�; y#Þ ¼ Min
x

ECðxÞjð27Þ; ð28Þ; ð30Þf g: (31)

Electricity and natural gas markets are linked as vertically

oriented markets, of which gas-fired power plants are the

demand side of the gas market and the supply side of electric

power market at the same time. In practice, natural gas oper-

ators would respect the contract or natural gas load requested

from electric power plants unless delivering and supplying

such an amount of natural gas by gas wells and pipelines is

physically infeasible. Thus, the natural gas transmission op-

erator seldom sheds natural gas loads (power plants) to

reduce compressor costs. Such loads can only be mitigated

by the other natural gas loads with higher transportation pri-

orities when there is congestion.

Based on a fixed x�c provided by Eq. (31), we solve Eq.

(32) to obtain an optimal solution y�. ECðx�; y�Þ is an upper

bound for Eqs. (26)–(30).

y� ¼ Arg min
y

GCðyÞjð30Þf g: (32)

Apparently, UB ¼ ECðx�; y�Þ ¼ ECðx�; y#Þ ¼ LB, so ðx�; y�Þ
is the optimal solution.

The generalized L-shaped decomposition (Benders) is

applied to decompose the optimization problem in Eq. (31)

into the UC upper-level problem in Eq. (33), the power trans-

mission network constraints check problem in Eq. (28), and

the natural gas transmission network constraints check in the

lower-level problem in Eq. (30).

Min
x

ECðxÞjð27Þf g: (33)

D. Coordinated scheduling scheme

Fig. 2 depicts the flowchart of the electricity and natural

gas scheduling coordination. The integrated process is di-

vided into the ISO and the natural gas operator problems,

respectively. The ISO or the utility operator would calculate

the hourly UC and dispatch that would satisfy the hourly

electricity load forecast. The load shedding will be employed

if the available generation would not be able to supply the

electricity demand. Otherwise, based on the UC and dispatch

solutions, the ISO conducts the security analysis to satisfy

network constraints in contingencies. The power transmis-

sion check iterates with UC via the power transfer distribu-

tion factors (PTDFs) or Benders cuts to mitigate

transmission violations.18,20 If there is no violation in the

power transmission network, the ISO determines the natural

gas consumption of gas-fired generating units and submits

the hourly gas demand to the natural gas operators.

The natural gas transmission operators would collect the

information on the natural gas demands, gas contracts, natu-

ral gas transmission parameters, initial pressures, and

TABLE I. Natural gas transportation and supply contracts.

Gas transportation contract Supply contract

No-notice Firm Interruptible Take or pay Flexible
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planned outages of natural gas pipelines. The natural gas fea-

sibility check will examine the feasibility of the natural gas

transmission system for serving the requested natural gas

loads. If the natural gas transmission check is rendered infea-

sible, natural gas fuel constraints will be formed by cutting

planes for gas-fired power plants and fed back to the ISO for

the rescheduling of daily UC. The iterative process between

SCUC and the natural gas transmission feasibility check will

continue until the natural gas transmission flow is feasible.

Accordingly, the SCUC solution will be fixed, and the natu-

ral gas transmission operator will continue to schedule com-

pressors, storage facilities, and line pack resources by

minimizing the operating cost of compressors.

IV. SOLUTION OF THE COORDINATED SCHEDULING
PROBLEM

A. Solution of SCUC

The UC problem is a mixed-integer, nonlinear program

that will be linearized and solved on the basis of the branch-

and-cut method.15,28,29 The power transmission feasibility

check in the lower-level problem can be solved by linear

programming (LP) and iterating with UC via PTDF or the

Benders decomposition method.15–17

B. Implicit finite difference approximation

The analytical method can provide the continuous solu-

tion for PDE by the compact mathematic expression if the

region and boundary values of dependent variables are

defined. Compared to the analytical method, numerical

methods are available to evaluate the dependent variables at

discrete points in a span of time and space as shown in Fig.

3. We adopt the Euler finite difference numerical method to

approximate PDE in Eqs. (6)–(7) by replacing derivative

expressions in space and time with equivalent difference

quotients. Generally, implicit methods offer better numerical

stability than do explicit methods, because explicit methods

calculate dependent variables at a later time by using those

at the current time, whereas implicit methods find a solution

by solving an equation involving dependent variables in both

the current time and the future. Equations (8)–(9) are

obtained by applying the backward Euler method and the

midpoint Euler method, which are applied according to

implicit methods. A higher-order finite difference method,

such as the Runge-Kutta method, may demonstrate more

accurate results. However, using the Runge-Kutta method

instead of the implicit Ruler method will not affect the effec-

tiveness of our proposed model.

In Eqs. (34)–(35), the n and t indices correspond to dif-

ferent grid points. Obviously, increasing the number of

points in Fig. 3 can enhance the numerical accuracy but will

also entail longer computing times. We modify the number

of grid points by adjusting the step size Dz and Dt. The state

variables at t¼ 0 are given as initial values. In addition,

Eq. (34) is replaced by Eqs. (36) and (37).

pt;n � pt�1;n

Dt
¼ K1

2Dz
ðGft;n�1 � Gft;nþ1Þ

t 2 f1; 2; :::NTg; n 2 f1; 2; :::;N � 1g; (34)

FIG. 2. Flowchart for the coordination of ISO and natural gas operator.

FIG. 3. Grid points in the finite difference scheme.
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p2
t;n�1 � p2

t;nþ1

2Dz
¼ K2 � Gf 2

t;n

t 2 f0; 1; :::NTg; n 2 f1; 2; :::;N � 1g; (35)

pt;n � pt�1;n

Dt
¼ K1

Dz
ðGft;n � Gft;nþ1Þ

t 2 f1; 2; :::NTg; n ¼ 0; (36)

pt;n � pt�1;n

Dt
¼ K1

Dz
ðGft;n�1 � Gft;nÞ t 2 f1; 2; :::NTg; n ¼ N:

(37)

As a result, PDEs are transformed into a set of algebraic

equations in Eqs. (34)–(37), which are denoted in Eq. (38)

for the sake of simplicity as

hðGf ; pÞ ¼ 0: (38)

C. Natural gas transmission feasibility check

The natural gas transmission feasibility check in the

lower-level problem will minimize the sum of slack varia-

bles SL on each node, while satisfying the transient formula-

tion of natural gas pipelines, pressure constraints, and

compressor constraints, as well as complying with natural

gas transportation contracts for the requested natural gas

load GL̂. The natural gas load shedding is implemented for

the gas loads with lower priority. Here, GSLmax ¼ 0 for

loads with firm transportation contracts. We use the succes-

sive LP (Refs. 30 and 31) to solve the following optimization

problem iteratively:

Min xðGL̂Þ ¼
XNN

na¼1

ðSLÞ; (39)

FIG. 4. 118-bus power system.

TABLE II. Parameters of interstate pipeline.

Maximum pressure Minimum pressure Parameter K1 Parameter K2 Parameter C Length L

500 pounds per square inch gauge (psig) 400 psig 0.05 2� 10�6 50 200 miles

025102-7 Coordinated Scheduling Chaos 21, 025102 (2011)

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://cha.aip.org/cha/copyright.jsp



s.t.

rhðGf ; pÞ � DGf
Dp

� �
¼ �hðGf ; pÞ; (40)

@g

@p
@g

@CH
GA GB

� �
�

Dp

DCH

DGP

DGSL

2
6664

3
7775þ SL

l ¼ �gðp;CH;GP;GL̂� GSLÞ (41)

0 � GSLþ DGSL � GSLmax � GL̂; (42)

pmin � pþ Dp � pmax; (43)

GPmin � DGPþ GP � GPmax; (44)

CHmin � CH þ DCH � CHmax; (45)

PRminðpin þ DpinÞ � pout þ Dpout � PRmaxðpin þ DpinÞ;
(46)

0 � SL: (47)

Then, we update variables by applying Eq. (48). The itera-

tive process will continue until DpðkÞ, DCHðkÞ, DGPðkÞ,
DGLðkÞ, and DGSLðkÞ are less than a specified e, where k rep-

resents the iteration number; GA is the node-gas supplier

incidence matrix; GB represents node-gas load incidence

matrix; GK is the node-node connection incidence matrix;

and GD is the gas-withdrawing node-compressor incidence

matrix.

Once the iterative process is completed, a non-negative

objective function in Eq. (39) that is less than the specified

tolerance indicates that the natural gas transmission net-

work can support natural gas loads of electricity sectors.

Otherwise, a natural gas fuel constraint (Benders cut) given

in Eq. (49) will be generated and added to the SCUC

formulation

pðkþ1Þ

CHðkþ1Þ

GPðkþ1Þ

GSLðkþ1Þ

2
664

3
775 ¼

pðkÞ

CHðkÞ

GPðkÞ

GSLðkÞ

2
664

3
775þ

DpðkÞ

DCHðkÞ

DGPðkÞ

DGSLðkÞ

2
664

3
775; (48)

xðGLÞ ¼ xðGL̂Þ þ lT � GB � ðGL� GL̂Þ � 0; (49)

where l is the dual variable vector obtained by solving LP in

the last iteration.

The transient model of the natural gas transmission fea-

sibility check in the lower-level problem is coupled on an

hourly basis. However, that of the steady-state model is

decoupled on an hourly basis, such that it can be solved by

parallel processing. In addition, Eq. (40) represents many

constraints and variables if the number of grid points in

Fig. 3 is large. Therefore, the computing time of the tran-

sient model is usually higher than that of the steady-state

model.

D. Solution of natural gas scheduling problem

The natural gas scheduling problem is also solved by the

successive LP. The natural gas transmission feasibility check

in the lower-level problem can provide an initial value for

the solution of the natural gas scheduling problem. In gen-

eral, Fcf ;cmðÞ is convex. The objective function in Eq. (39) is

replaced by Eq. (50). However, pipeline and compressor

equations may make the lower-level problem non-convex.

Therefore, if the initial operating point of the natural gas

problem is not close to the global optimal points, the solution

TABLE III. Parameters of compressor and natural gas well.

Gas compressor

Gas wellFcf ;cmðCHcmtÞ ¼ cf þ bf � CHcmt þ af � CH2
cmt

k1 k2 k3

Min. power

(horsepower [hp])

Max. power

(hp)

af

(MBtu=hp2h)

bf

(MBtu=hph)

cf

(MBtu=h)

Max. output

(MBtu=h)

Min. output

(MBtu=h)

0.1 0.17 0.15 500 2000 0.0001 0.15 25 5000 20,000

FIG. 5. Interstate pipeline. FIG. 6. Hourly natural gas and electricity load.
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may be a local optima. Heuristic methods may be considered

in this case to find the best possible solution.

Min
XNT

t¼1

XNC

cm¼1

qgas;cm �
@Fcf ;cmðCHcmtÞ

@CHcmt
� DCHcmt: (50)

V. CASE STUDIES

A modified Institute of Electrical and Electronics Engi-

neers (IEEE) 118-bus system, as shown in Fig. 4, is used to

study the coordinated scheduling. The power system has 54

fossil fuel units, 12 combined-cycle units, 7 hydro units, 186

branches, 14 capacitors, 9 tap-changing transformers, and 91

demand sides. Tables II and III show the parameters of the

pipeline, compressor, and gas well. All 12 combined cycle

units with interruptible transportation contracts are supplied

by an interstate pipeline and a compressor, as shown in

Fig. 5. Fuel prices are $1.4 per one thousand British

thermal units (MBtu) for natural gas and 1$=MBtu for coal.

The test data are given in motor.ece.iit.edu=data=Transient

gastransmission_118test.xls. Fig. 6 shows the hourly electri-

cal and firm natural gas loads supplied by interstate pipe-

lines. In order to discuss the effectiveness of the proposed

approach, as well as the impact of the transient-state natural

gas flow model on SCUC and natural gas scheduling results,

we solve the coordination model in three different cases. The

program is coded in Cþþ and solved by CPLEX 9.0 on a 2.6-

GHz personal computer.

Case 1: Coordinated scheduling with steady-state
natural gas transmission constraints

We calculate the hourly SCUC solution by considering

both the dc transmission constraints and the steady-state

natural gas transmission constraints. In the steady-state nat-

ural gas flow case, the maximum pipeline flow is 15 000

MBtu=h, which is based on the Weymouth equation. The

natural gas usage of combined cycle units 4001–4012 is

curtailed at certain hours to mitigate the natural gas

TABLE IV. Unit commitment in case 1.

Unit Hours (0–24)

1013 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

1014 1 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1019 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1022–1023 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1026 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1034–1035 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1047–1048 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1051 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 0

1052 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0

4001 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 3 3 1 1 0

4002 0 0 0 0 0 0 2 2 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

4003 0 1 1 0 0 0 1 1 3 3 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

4004 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 3 3 4 4 4 4 4 3

4005 0 0 0 0 0 0 2 2 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

4006 0 1 1 1 1 3 3 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

4007 0 2 2 2 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

4008–4009 0 1 1 1 3 3 3 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

4010 0 0 0 0 0 1 1 3 3 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

4011 0 0 0 1 1 3 3 3 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

4012 0 1 1 1 1 3 3 3 3 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

6002 0 1 1 0 0 0 0 1 1 1 1 1 1 1 0 1 1 1 1 0 0 0 1 0 0

6006 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 1 0 1 1 1 1 1 0 0

TABLE V. Daily scheduling coordination results in cases 1–3.

Daily results Case 1 Case 2 Case 3

Operating cost of electric power system ($) 2 046 006 2 044 479 2 037 255

Natural gas consumed by compressor (MBtu) 8965 12 273 5056

Natural gas well output (MBtu) 322 031 408 621 201 383

Gas delivered to power plants (MBtu) 181 766 163 200 220 649

Electric power generated by gas plants (megawatts [MW]) 13 962 12 995 17 316
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FIG. 7. Hourly natural gas delivered to power plants in cases 1–3.

FIG. 8. Hourly natural gas well output in cases 1–3.

FIG. 9. Hourly natural gas consumed by compressor in cases 1–3.

TABLE VI. Initial parameters of interstate pipeline.

Initial status

of pipelines

Initial pressure (psig) Mass gas flow (MBtu)

Starting

point

Ending

point

Starting

point

Ending

point

Case 2 448 500 10 088 10 088

Case 3 400 458 10 029 10 029

TABLE VII. Unit commitment in case 2.

Unit Hours (0–24)

1013 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0

1014 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1019 1 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1022–1023 1 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1026 1 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1034–1035 1 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1047 1 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0

1048 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 0

1051 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 0

1052 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0

4001 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0

4002 0 0 0 0 0 0 1 1 3 3 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

4003 0 1 1 0 0 0 0 2 2 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

4004 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 4 4 4 4 4 3

4005 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 4 4 4 4 4 4 4 4 4

4006 0 1 1 1 1 1 3 3 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

4007–4009 0 0 0 0 2 2 2 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

4010 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4011 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 4 4 4 4 4

4012 0 0 0 2 2 2 2 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

6002 0 1 1 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 1 0 0

6006 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 1 0 1 1 1 1 1 0 0

FIG. 10. Pressure at starting and ending points of the pipeline in case 2. FIG. 11. Hourly pressure at starting=ending points of pipeline in case 3.
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transmission congestion at hours 8–24. Table IV shows the

hourly commitment in which the hour 0 represents the ini-

tial condition. Tables IV and VII list only the units with re-

vised hourly commitment.

The daily operating cost of the power system is

$2 046 006. After the power system schedule is set, we mini-

mize the operating cost of the compressors, which is based

on steady-state natural gas transmission constraints. Table V

shows that the compressor will consume 8965 MBtu over the

course of the next day. The hourly gas withdrawn from the

pipeline, the hourly natural gas consumed by compressor,

and the hourly gas well output consumed by the combined-

cycle units are shown in Figs. 7–9.

Case 2: Coordinated scheduling with transient natural
gas flow model based on a lower initial line pack

We solve the generation scheduling problem again by

considering the proposed transient-state model for natural

gas flows. The pipeline is partitioned into several segments

in its 200-mile length. The time interval is 1 h, and the

length interval is 10 miles. Accordingly, PDEs of the pipe-

line with boundary conditions are transformed into a set of

difference equations by the proposed implicit finite differ-

ence methodology. Table VI shows the initial pressures of

the pipeline. The lower initial pressures in case 2 represent

a smaller amount of natural gas contained in the pipeline

after the previous day’s operation. The hourly UC is given

in Table VII, in which combined cycle units 4001–4012

generate less power (in MW) at many hours of the day as

compared to case 1, and more coal units are committed.

Fig. 7 shows that more natural gas is delivered to com-

bined-cycle units in case 2 at h 19–23 when the electricity

load is at peak. As a result, the daily operating cost of the

power system is $2 044 476 in case 2, which is still lower

than the cost realized in case 1. In order to satisfy peak

hour natural gas demands at the ending point of the pipe-

line, the natural gas compressor has to charge the pipeline

at the beginning hours of the period. Fig. 10 shows that

the pressure level at the starting point of the pipeline

increases gradually.

Case 3: Coordinated scheduling with transient gas
flow model based on a higher initial line pack

If the given initial pipeline pressure is higher, there

will be more natural gas contained in the pipeline before

the current operating day. Therefore, the pipeline can sup-

ply more natural gas to gas loads. Thus, even though the

hourly UC results in cases 1 and 3 are the same, the dis-

patch in case 3 is more economical. The daily operating

cost of the power system in case 3 is $2 037 255, which is

lower than that of cases 1 and 2. In case 3, there is no vio-

lation in the natural gas transmission feasibility check in

the lower-level problem. Fig. 11 shows that pressures at

starting and ending points of the pipeline gradually

decline, releasing the additional line pack resources to nat-

ural gas loads. The generation of combined-cycle units

4001–4012 is no longer limited by the natural gas trans-

mission congestion. Table V shows that the total daily

generating power is 17 316 MW, which is the highest in

three cases. Figs. 8–9 show that the operating costs of

compressor and the gas well output in case 3 are much

lower than those found in cases 1 and 2 because of its

higher initial line pack value. By comparing the results in

three cases, we notice that the steady-state and transient-

state models may yield two distinct results for the coordi-

nated scheduling of power and natural gas systems.

VI. CONCLUSIONS

This paper has developed a bi-level coordinated sched-

uling model for interdependent electricity and natural gas

infrastructures. The transient model of natural gas flow is

considered in the proposed model. The natural gas pipeline

is modeled as a set of partial differential equations. An

implicit finite difference method is introduced to transform

the equations into difference equations. The paper shows

that the proposed decomposition methodology and the coor-

dination scheme can be applied to solve the proposed coordi-

nated scheduling problem effectively. The case studies

demonstrate that the applications of the steady-state and the

transient-state models of natural gas flows would present dif-

ferent results for the coordinated scheduling of interdepend-

ent electricity and natural gas systems. It is also shown that

the steady-state natural gas flow model, which would neglect

the inherent storage capability of pipeline and the slower

traveling speeds of natural gas flows, may result in impracti-

cal results and suboptimal schedules in short-term operation.

The proposed coordinated scheduling model with the tran-

sient-state natural gas transmission formulation can be used

in the daily operation scheduling, real-time operation, and

post-contingency rescheduling.
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