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Abstract—In this paper, a model for the optimal placement of
contingency-constrained phasor measurement units (PMUs) in
electric power networks is presented. The conventional complete
observability of power networks is first formulated and then,
different contingency conditions in power networks including
measurement losses and line outages are added to the main model.
The communication constraints which would limit the maximum
number of measurements associated with each installed PMU is
considered as measurement limitations. The relevant formulations
are also proposed to make the model more comprehensive. The
IEEE standard test systems are examined for the applicability of
proposed model. The comparison of presented results with those
of other methods is presented which would justify the effectiveness
of proposed model with regards to minimizing the total number
of PMUs and the execution time. A large-scale system with 2383
buses is also analyzed to exhibit the applicability of proposed
model to practical power system cases.

Index Terms—Contingency, integer linear programming, phasor
measurement unit (PMU), transmission security.

NOMENCLATURE

Binary connectivity parameter between buses
and .

Binary connectivity parameter between buses
and when line is out.

Observability function of bus .

Observability function of bus when line is out.

Indices of bus.

Set of buses.

Index of line.

Set of lines.

Binary decision variable that is equal to 1 if PMU
is installed at bus and 0 otherwise.

Binary measurement variable of bus related to
the observability of bus .
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Measurement limitation of bus .

Auxiliary binary variable of buses and .

Auxiliary binary variable of buses and when
line is out.

Zero-injection parameter of bus .

I. INTRODUCTION

P HASOR measurement units (PMUs) were introduced into
electric power systems based on additional developments

in global positioning systems (GPS), communication networks,
and digital signal processing techniques [1]. PMU is a device
for synchronizing ac voltage and current measurements with a
common time reference. The most common time reference is
the GPS signal which has an accuracy of less than 1 [2].
In this way, the ac quantities are measured, converted to pha-
sors (i.e., complex numbers represented by magnitude and phase
angle), and time stamped [3]. Phasors at different nodes, which
refer to the same time space coordinates, can improve the perfor-
mance of monitored control systems in various fields of modern
power systems. Some of these fields include state estimation,
bad data detection, stability and control, remedial actions, and
outage monitoring [4]–[7].

The first step in state estimation is to gather measurement
data from substations. These measurements must be sufficient
to make the system observable [8]. It is neither economical nor
necessary to install a PMU at every node of a wide-area inter-
connected network. Hence, the problem is to find the minimum
number of PMUs for the complete observability of network.

The optimal PMU placement problem is inherently an NP-
complete problem with a solution space of possible combi-
nations for an N-bus electric power system [9]. Therefore, the
optimal PMU placement is considered as a combinatorial opti-
mization problem and valuable research has been conducted in
this area. The previously reported approaches are categorized
into two groups: the meta-heuristic optimization methods and
the conventional deterministic techniques. The meta-heuristic
methods, which are based on the stochastic intelligent search
process, do not require cost function derivatives and thus can
deal with discrete variables and non-continuous cost functions.
As the optimal PMU placement problem variables are discrete,
these techniques have been widely applied to solve the PMU
placement problem. Examples include canonical genetic algo-
rithm [9], non-dominated sorting genetic algorithm [10], sim-
ulated annealing [11], Tabu search [12], simulated annealing
combined with Tabu search [13], particle swarm optimization
[14], and immunity genetic algorithm [15]. In [16], a binary
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search method was employed to solve the optimal PMU place-
ment problem. The most critical obstacle for applying these
methods is the large execution time which restricts their applica-
tions to large practical power systems. Another difficulty is that
these methods do not offer any insight concerning the proximity
of the current PMU placement solution to the global optimal.

There are considerable works on deterministic approaches to
the optimal PMU placement problem [17]–[21]. In [17], the in-
teger programming approach is applied to the PMU placement
problem. The proposed model is new and useful; however, it in-
troduces approximations when considering the effect of zero-in-
jection buses. An algorithm using integer linear programming
is proposed in [18]. The method takes into account power net-
works with and without conventional power flow and injection
measurements. However, the proposed model does not consider
the effect of zero-injection buses. The model presented in [18]
was extended in [19] to consider the zero-injection effect, in-
complete observability, and measurement redundancy. Refer-
ence [20] proposed another formulation based on integer linear
programming in which the effect of zero-injection buses was in-
corporated. A multistage scheduling framework for PMU place-
ment in a given time horizon was also proposed in [20]. The
PMU placement problem using the integer quadratic program-
ming was discussed in [21]. However, the effect of zero-injec-
tion buses was ignored in the model.

Among the reported approaches, few considered power
system contingencies. Such contingencies comprise losses
of measurements and/or line outages. The incorporation of
contingencies in the optimal PMU placement problem would
result in more reliable results. References [22]–[24] addressed
the optimal placement methods with contingencies for con-
ventional measurement devices. In [10], the model found
observable network solutions when taking into account single
line contingencies. In [25], a heuristic approach was presented
to obtain a reliable PMU solution while retaining the network
observability during single measurement losses and line contin-
gencies. The presented model, which was based on numerical
observability analyses, was computationally expensive. Ref-
erence [16] considered single line outages while the proposed
exhaustive search was time consuming. In [20], PMU outages
were considered; however, line outage contingencies were
not incorporated. The outages of single lines and PMUs were
considered in [21].

In this paper, we focus on a new model for the optimal
contingency-constrained PMU placement. Initially, the basic
model for the conventional observability of power networks
is developed. Then, power network contingencies such as
measurement losses and line outages are added to the basic
model for enhancing its flexibility. The proposed model con-
siders no approximations. In addition, measurement limitations
representing power network communication constraints are
considered. These limitations restrict the maximum number
of PMUs. It is demonstrated that the proposed solution results
are global optimal. The effectiveness of the proposed model is
examined by comparing the results with those of other methods.

The remaining sections of this paper are organized as follows.
Section II presents the proposed formulations of this paper. In
this section, the basic model is introduced and different restric-

tions and constraints of power systems are added. The features
of the proposed model are illustrated by a nine-bus network. In
Section III, numerical results are presented for IEEE standard
test systems as well as a large power system. Concluding re-
marks are discussed in Section IV.

II. PROPOSED PMU FORMULATION

The objective of PMU placement problem is to find the min-
imum number of PMUs as well as their placement to make the
power network topologically observable. The problem is formu-
lated as follows:

Minimize (1)

Subject to

(2)

where

(3)

The objective function represents PMU installations which
can be extended to consider PMU installation costs. In such a
case, will be replaced by where is the installation cost
at bus . However, employing in the objective function has
no effect on the linear format of proposed model.

In (3), is the observability function at bus . The binary
connectivity parameter in (3) is defined as

if
if buses and are connected
otherwise.

(4)

The observability of a bus depends on the installation of PMU
at that bus or one of its incident buses. When all buses are ob-
servable, the value of observability function in (2) is equal to or
greater than 1.

The following discussions will expand the above model by
incorporating specific characteristics of power networks. The
proposed options may be taken into account individually or si-
multaneously. In each case, a nine-bus system with nine lines
and three zero-injection buses is analyzed.

A. Effect of Zero-Injection Buses

The zero-injection bus rules for assessing the network observ-
ability are:

1) When buses, which are incident to an observable zero-in-
jection bus, are all observable except one, the unobservable
bus will also be identified as observable by applying the
KCL at zero-injection bus.

2) When buses incident to an unobservable zero-injection bus
are all observable, the zero-injection bus will also be iden-
tified as observable by applying the KCL at zero-injection
bus.

These two conditions can be combined into one by indicating
that among a zero-injection bus and its incident buses, a single
bus can be made observable by making the others observable.
Using this simplification, the proposed formulation considering
the effect of zero-injection buses is presented as

(5)
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Fig. 1. Observability in the base case.

where

(6)

(7)

Expression (6) is the same as (3) with auxiliary binary vari-
ables added to zero-injection buses and those incident to zero-in-
jection buses. Parameter is a binary parameter that is equal
to 1 if bus is a zero-injection bus and 0 otherwise. For each
nonzero-injection bus, the number of auxiliary variables is equal
to the number of zero-injection buses which are incident to that
bus. For each zero-injection bus, the number of auxiliary vari-
ables is equal to the number of zero-injection buses which are
incident to that bus plus one. Obviously, all zero-injection buses
would have at least one auxiliary variable.

When bus is a zero-injection bus, the right hand side of (7) is
equal to one. Therefore, exactly one auxiliary variable of buses
which are incident to bus or the auxiliary variable of bus ,
would be equal to 1. When bus is a nonzero-injection bus, the
right hand side of (7) is zero. So all auxiliary variables of buses
which are incident to bus would be equal to zero. In fact, (6)
and (7) simultaneously ensure that one of the buses which are
incident to a zero-injection bus, or the zero-injection bus itself,
will be observable when the others buses are observable.

The application of the proposed model to the nine-bus net-
work results in the installation of two PMUs at buses 5 and 8 as
shown in Fig. 1. In this case, buses 4, 6, and 8 are zero-injection
buses and dashed lines show the observability zone of each in-
stalled PMU. Accordingly, buses 4 and 6 are made observable
by the installation of PMU at bus 5, and buses 2, 7, and 9 are
made observable by the installation of PMU at bus 8. Buses 1
and 3 are made observable through zero-injection effect of buses
4 and 6, respectively. Here, all buses have at least one source of
observability; so the network is entirely observable.

B. No PMU at Zero-Injection Buses

The removal of PMUs from zero-injection buses will reduce
the search space which could enhance the solution speed. In ad-
dition, PMUs at zero-injection buses measure current phasors
of corresponding lines; thus, the KCL at zero-injection bus pro-
vides no additional information. However, the PMU placement
at zero-injection buses will help find the optimal solution. Fur-
ther explanations are provided in Section III.

Fig. 2. Observability with no PMUs at zero-injection buses.

The lack of PMUs at zero-injection buses is enforced by
adding the following constraint:

(8)

Constraint (8) states that in zero-injection buses, where is
equal to 1, the value of would be zero when no PMU is placed
at those buses. At other buses, where is zero, the value of
could be either zero or one.

In the previous example, one of PMUs was placed at bus 8
which is a zero-injection bus. If no PMUs are considered at zero-
injection buses, the model finds three PMUs at buses 5, 7, and
9 for observability. Fig. 2 shows the PMUs and their associated
observability zones. According to this figure, buses 4, 6, and 8
are made observable and each has one redundant measurement.
Besides, buses 1, 2, and 3 are made observable through the zero-
injection effect of buses 4, 8, and 6, respectively.

C. Loss of Measurement Contingency

In the proposed model, the loss of a PMU can be modeled by
modifying the inequality (2). For representing the loss of single
measurement, (2) is replaced by

(9)

Constraint (9) indicates that all buses will remain observable
when a single PMU is lost. Here, when bus is
not observable by considering zero-injection buses.Accordingly,

which indicates that bus would need a minimum of
two observability sources. However, states
that bus is observable by a zero-injection bus. Since buses that
affect zero-injections are observable during any PMU outages,
the observability of bus would be robust for any loss of PMUs.
In Fig. 3, the proposed model would consider four PMUs in buses
4, 5, 7, and 8 for any single measurement loss. If any of the PMUs
is lost, the buses will still be observable by considering the three
other PMUs. Here buses 4, 5, 6, 7, 8, and 9 are observable when
considering two PMUs locally or at adjacent buses. Bus 3 is
observable through the zero-injection effect of bus 6. Since buses
5,6, and 7 are observableduring any PMU outages, bus 3 will also
be observable during any such conditions. Similar deductions
show that the observability of buses 1 and 2 are robust against any
single PMU outages. Furthermore, these buses are observable
when considering PMUs at buses 4 and 8, respectively.
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Fig. 3. Observability considering the loss of a single measurement.

D. Line Outage Contingency

The effect of a single line outage is added to the proposed
model using the following set of constraints:

(10)

where

(11)

(12)

Expressions (10)–(12) are the same as (5)–(7), respectively,
while the connectivity parameters, auxiliary variables, and ob-
servability functions are replaced with those representing the
outage of line . All expressions are repeated over to
consider a line outage contingency. The binary connectivity pa-
rameter when line is out is defined as follows:

if line is between buses and
otherwise (13)

More line outages may be considered similarly in the proposed
model. The modeling of a single line outage in the nine-bus
network results in the placement of four PMUs at buses 1, 2,
3, and 6. These four PMUs maintain the network observability
during any single line outages.

Fig. 4 shows the observability zone of installed PMUs in
which the bus observability analysis is performed as follows:
Buses 1, 2, 3, and 6 are observable using their associated in-
stalled PMUs. Bus 4 is made observable by the PMU installed
at bus 1; however, when line 1–4 is on outage, bus 4 is made ob-
servable by the zero-injection effect. Bus 5 is made observable
by the PMU installed at bus 6 which has redundant measure-
ments by the zero-injection of buses 4 and 6. When line 5–6 is
on outage, it is made observable by zero-injection of bus 4. Sim-
ilar to bus 5, bus 7 is made observable by the PMU installed at
bus 6. However, when line 6–7 is on outage, it is made observ-
able by the zero-injection of bus 8. Bus 8 is made observable
by the PMU installed at bus 2 when line 2–8 is in service. Oth-
erwise, bus 8 is made observable by its zero-injection effect.
Bus 9 is made observable by the zero-injection of buses 4 and
8. Therefore, its observability remains in effect when either line
4–9 or line 8–9 is on outage.

Fig. 4. Observability considering a single line outage.

E. Measurement Limitations

The process of communicating PMU measured data to a con-
trol center requires an extensive set of communication equip-
ment. Usually multi-channel PMUs are installed at buses with
several measurements [9], [26]. We consider the effect of limited
communication on PMU placements by substituting
with in (3) and (6). Hence

(14)

In addition, the following constraints are included:

(15)

(16)

The binary variable represents the measurement at bus
using a PMU placed at bus . Hence, (15) is considered as an-
other constraint in order to limit the number of measurements
associated with bus . Inequality (16) states that the placement
of a PMU allows the related binary measurement variables to
be either zero or one; however, associated binary measurement
variables are zero when a PMU is not installed. Here, the non-
linear expression is the product of two binary variables
and the following constraints are used to convert the nonlinear
expression to linear:

(17)

(18)

(19)

(20)

In (18)–(20), the nonlinear variable , which is defined in (17),
is expressed as a set of three linear inequalities with binary vari-
ables. Furthermore, (18) can be deleted when (16) and (19) are
introduced.

The nine-bus network is examined assuming that each PMU
has at most two measurements. Hence, a PMU placed at a bus
measures its own voltage phasor and one current phasor associ-
ated with the lines incident to that bus. The results presented in
Fig. 5 consist of three PMUs at buses 5, 7, and 9. Here, buses
4, 6, and 8 are observable directly and buses 1, 2, and 3 are ob-
servable by the zero-injection of buses 4, 8, and 6, respectively.
Comparing Figs. 5 and 2, we learn that the observability zone
of each PMU is restricted by limited measurements.
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Fig. 5. Observability considering measurement limitations.

TABLE I
OBSERVABILITY ANALYSIS OF NINE-BUS NETWORK IN DIFFERENT STATES

Table I summarizes the observability analysis of different
states, i.e., normal, no PMU at zero-injection buses, loss of
measurement, and measurement limitation. Table II shows the
observability details associated with a line outage contingency
state. In these tables, Pi indicates that the corresponding bus is
observable by the PMU placed at bus i, and Zi indicates that
the corresponding bus is observable by the zero-injection effect
of bus i. Tables I and II assess the conclusions derived from
Figs. 1–5 which are summarized as follows:

• All buses have at least one source of observability.
• There are three sources of observability in each state when

considering the effect of zero-injection buses, i.e., Z4, Z6,
and Z8. This outcome is in accordance with the rules for
zero-injection buses.

• In Table I, the column entitled Loss of Measurement in-
dicates that all buses have redundant measurements and,
when considering the loss of a single measurement, they
will remain observable by other observability sources.

• In Table II, when considering any line outages, buses re-
main observable by means of other sources. This result
ensures that the model performs well in the event of line
outages.

III. CASE STUDIES

The performance of the proposed model is examined by ap-
plying the IEEE test systems as well as a large power system.
All cases are implemented on a 1.86 GHz processor with 512

TABLE II
OBSERVABILITY ANALYSIS OF NINE-BUS NETWORK

CONSIDERING SINGLE LINE OUTAGE

TABLE III
CHARACTERISTICS OF IEEE STANDARD TEST SYSTEMS

MB of RAM using CPLEX 9.0 solver [27] in the GAMS en-
vironment [28]. In CPLEX, an optimality gap can be speci-
fied to choose between an optimal solution and a quick sub-
optimal solution. This gap is defined as the absolute value of

where BI is the existing best integer so-
lution and BL is the existing lower bound. Accordingly, if the
gap goes to zero, the solution is global optimal.

A. IEEE Standard Cases

First, the standard IEEE 14-, 30-, 39-, 57-, and 118-bus test
systems are investigated by the proposed model. Table III tabu-
lates the specific characteristics of these test systems.

Five different conditions are considered, i.e., base case state,
no PMU at zero-injection buses, loss of measurement, line
outage, and loss of measurement or line outage. The effect of
zero-injection buses is incorporated in all cases. The minimum
number of PMUs and their locations are shown in Tables IV
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TABLE IV
RESULTS OF PMU PLACEMENT FOR THE IEEE STANDARD TEST SYSTEMS IN DIFFERENT STATES

TABLE V
PMU PLACEMENT BUSES FOR THE IEEE STANDARD TEST SYSTEMS

and V, respectively. In these cases, the PMU placement at
zero-injection buses makes no difference. In essence, the model
finds identical numbers of PMUs in both cases but at different
locations. In all cases, as expected, the line outage contingency
case would require more PMUs than the base case and the loss
of measurement would require more PMUs than the line outage
contingency case.

Table IV shows that the contingency case with a loss of line
or measurement would require the highest number of PMUs. In
this state, more than half of buses are equipped with PMUs in
order to obtain a reliable measurement system and accurate state
estimation.

The case with PMU measurement limitations is analyzed
here. It is assumed that all PMUs are the same with similar mea-
surement limitations. Ten different cases are examined, where
measurements are limited to 1 through 10. Table VI shows that
when all PMUs have one measurement, the number of required
PMUs is equal to the number of network buses minus the
number of zero-injection buses. This result is obvious because
the total number of buses equal to the number of zero-injection
buses is made observable by zero-injection effect and the

others would require PMUs. Although the assumption of one
measurement for each PMU is impractical, it helps confirm the
ability and accuracy of the model in the worst case. Table VI
shows that if measurement limitations are removed, which is
equivalent to the utilization of more communication facilities,
the required number of PMUs will be lower. Tables III and VI
show that the required number of PMUs will not change when
the measurement limitation exceeds the maximum number of
lines connected to a bus.

Table VI shows the minimum number of measurements for
PMUs when calculating the optimal number of PMUs. This con-
cept is used in the planning and the installation of communica-
tion equipment since the corresponding costs could be exces-
sively high.

The optimality gap was set to zero which indicates that the
results are global optimal. Another interesting point about these
results is that the execution time associated with each case is
less than 5 s. The quality of proposed solutions is assessed in
Table VII by comparison with those derived by the previously
reported methods. The table shows the superiority of the pro-
posed model based on the minimum number of PMUs.
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TABLE VI
RESULTS OF PMU PLACEMENT FOR THE IEEE STANDARD TEST SYSTEMS CONSIDERING MEASUREMENT LIMITATION

TABLE VII
COMPARISON OF TOTAL NUMBER OF PMUS OBTAINED BY SEVERAL METHODS

Fig. 6. Evolution of the best solution and best lower bound in base case.

B. Large Power System

In order to investigate the effectiveness of proposed approach
in large-scale power systems, the 2383-bus polish power system
which includes 2896 lines and 552 zero-injection buses is studied
[29]. The computational performance is assessed for the base
case and the case with no PMU placements at zero-injection
buses. In the base case, the CPLEX solver starts by solving
the relaxed problem and allowing all integer variables to be
temporarily continuous. This solution takes 10 seconds which
establishes an initial lower bound on the objective function. The
solver then proceeds to the cutting plane logic as well as Branch
and Bound as shown in Fig. 6. The figure shows the results over
the first 60 s. The PMUs are 554 in the 12th second and 553 in
the 28th second. The solver terminates the process with a best
integer solution of 553 PMUs and the optimality gap of 2%.

For the no PMU placement at zero-injection buses, the
CPLEX presolve process takes 10 s which establishes an initial
lower bound of 582 PMUs on the objective function. The solver
then proceeds to the cutting plane logic along with Branch and
Bound. Fig. 7 shows the computing time for the best solution
as well as the lower bound. In this figure, after 14 s the best
solution and the lower bound converge to 592. The solver would
accordingly terminate the process as the optimal solution is
found with a zero optimality gap.

Fig. 7. Evolution of the best solution and best lower bound in no PMU case.

TABLE VIII
COMPARISON OF COMPUTATIONAL DIMENSION

The good quality of near-optimal solution in base case and the
optimal solution in the no PMU placement case at zero-injection
buses justifies the practical applicability of the proposed model.
The comparison of Figs. 6 and 7 shows that the base case begins
the search from a better initial solution which results in fewer
PMUs; the no PMU case converges faster and finds a global
optimal solution.

Table VIII compares the two simulation cases. The assump-
tion that no PMU is placed at zero-injection buses will increase
the number of single equations in the model by the number of
zero-injection buses (i.e., ). These equa-
tions will set to zero the binary decision variable of zero-injec-
tion buses. So the number of decision variables decreases by the
number of zero-injection buses (i.e., ). The
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search space will be reduced to half by eliminating a single can-
didate PMU. So the reduction in the number of decision vari-
ables has a significant impact on the search space and, conse-
quently, on the execution time. However, the difference between
best solutions in these two cases shows that in large power sys-
tems the assumption of no PMU at zero-injection buses may not
be beneficial to the optimality of solution.

IV. CONCLUSIONS

In this paper, a fast and practical model based on integer linear
programming is proposed for solving the optimal PMU place-
ment problem. Different contingency conditions associated with
power systems, i.e., line outages and loss of measurements were
considered. The additional conditions can be considered sepa-
rately or simultaneously in practical power systems. This ca-
pability makes the proposed model more flexible as compared
to existing models. In addition, communication constraints of
power networks were considered as measurement limitations
and included in the model. The proposed model is success-
fully tested on the IEEE standard test systems in addition to a
large-scale system. For the IEEE standard test systems, the min-
imum number of PMUs was compared with those of existing
methods. The salient features of the proposed method include
a low execution time as well as global optimality that make the
method suitable for large-scale power system applications.
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